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Abstract
We study the perturbative correction to the ground state energy eigenvalue of
a 2-dimensional dilute fermi gas with weak short-range two body repulsion.
From the structure of the energy shift we infer the presence of an induced
two body long range repulsive interaction
1
r
2
among the constituent electrons
indicating a potential instability of the fermi liquid ground state.
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The discovery of high Tc superconductivity has led to the revival of interest in the physics
of strongly correlated electrons in two dimesions and the possibility of the failure of fermi
liquid theory. In this context, Anderson [1,2] claims that in 2-dimensions there is a failure
of fermi liquid theory for a dilute gas of fermions even with a weak short-range two body
repulsion. Anderson bases his arguments on two important facts: a) the presence of a two
particle anti-bound state for arbitrarily small repulsion in a Hubbard model in 2-dimensions
[3], and b) presence of a finite two particle phase shift in the forward scattering channel on
the fermi surface. Several authors [4–11] have studied this problem, and most of them have
concluded [4–8] that at the level of perturbation theory there is no indication of a failure of
fermi liquid theory. Anderson [2] has also questioned the appropriateness of certain aspects
of conventional perturbation theory to settle this subtle issue.
In this letter we study a dilute fermi gas having a weak short-range two particle repulsion
using simple perturbation theory. In particular we look at the energy correction to a pair of
fermions with arbitrary momenta h¯k1 and h¯k2 inside the fermi sea and infer the presence of
an induced 1
r2
interaction among the constituent fermions.
We identify two terms Σk1,k2 and Σk2,k1 , as kinetic energy shifts of a fermion at k1 due
to the presence of another at k2 and vice versa. Their sum Σk1,k2 + Σk2,k1 is given by the
cross channel term, in the language of diagrams [7]. In Landau’s fermi liquid theory, this
sum is the cross channel contribution to the Landau parameter for the quasi particles. An
important point is that Σk1,k2 and Σk2,k1 are singular functions of | k1 − k2 |.
According to us, the natural decomposition of the cross channel diagram into two terms,
Σk1,k2 and Σk2,k1, and their singular character suggests the following: i) the terms Σk1,k2
and Σk2,k1 are physically meaningful separately and ii) we should look at the meaning and
consequences of their singularities before we proceed to consider the sum Σk1,k2 + Σk2,k1
as a Landau parameter for the fermion quasi particles. Our suggestion becomes even more
meaningful if the source of the singularity is capable of destroying the fermi liquid ground
state.
Having emphasized the importance of the singular character of Σk1,k2 and Σk2,k1 , we
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proceed and find that it can be caused by an induced 1
r2
two body interaction among the
constituent fermions [13]. This induced two particle interaction is interpreted to arise from
the elimination of virtual scattering to high energy states in the presence of the fermi sea,
that is included in the perturbation theory [14].
In the spirit of renormalised perturbation theory, the induced 2-body potential is used
in our next step as the effective interaction between the fermions. In 2-d, the long range
two body potential 1
r2
causes a finite phase shift in the s-channel as the relative momentum
tends to zero. This finite phase shift implies a scattering length ‘a’ which diverges as the
size of the system. Hence the conventional fermi liquid perturbation expansion in terms of
kFa fails, indicating an instability of the fermi liquid ground state. Here kF is the fermi
wave vector.
At the end of the letter we discuss how our work differs from ealier works [15], in particular
that of Stamp [7]. Important differences of our work from that of Anderson are also pointed
out at the end.
We now proceed to calculate the correction to the ground state energy following the
method of Abrikosov and Khalatnikov [12] which was used recently by some authors for the
2-d case [5,7]. This method is essentially an expansion in powers of the scattering length (a
physically measurable quantity) rather than the strength of the bare short range interaction.
We consider the following Hamiltonian:
H =
∑ h¯2k2
2me
c
†
kσckσ +
1
L2
∑
Uqc
†
k−qσckσc
†
k′+q−σck′,−σ
where c’s are the fermion operators and Uq is the Fourier transform of a short range two
body interaction U(r). We can also view the above as the low density limit of the Hubbard
model in two dimensions, when Uq has no q dependence. Following Stamp and collaborators
[7] we define a dimensionless interaction constant α. To second order in α, the ground state
energy shift [7,12] is given by
∑ h¯2k2
2me
nkσ +
h¯2α
meL2
∑
nk1↑nk2↓ −
(
h¯2α
meL2
)2
×
3
×∑ nk1σ1nk2σ2 [(1− nk3σ3)(1− nk4σ4)− 1]
ǫk1 + ǫk2 − ǫk3 − ǫk4
×
× δσ1−σ2δσ3−σ3δ(k1 + k2 − k3 − k4). (1)
The parameter α is defined in terms of Uo as
α =
meUo
h¯2
+
U2o
L2
∑ δ(k1 + k2 − k3 − k4)
ǫk1 + ǫk2 − ǫk3 − ǫk4
. (2)
The dependence of α on k1 and k2 can be ignored for low densities.
The first term in equation (1) is the unperturbed kinetic energy in the ground state. The
second term is the Hartree term. The third term is the most interesting term for us. Let us
consider two electrons in states k1σ1 and k2σ2 . They contribute an energy
h¯2
2me
(k21+k
2
2) to the
unperturbed ground state energy eigenvalue. We would like to find out the correction to this
two particle contribution from the many body processes considered within our perturbation
theory, which is a one step renormalisation. This correction is given by
nk1σ1nk2σ2 (∆Ek1,k2δσ1,−σ2 + Σk1,k2 + Σk2,k1) . (3)
Here the first term ∆E(k1,k2) is a symmetric function of k1 and k2 and is the Cooper
channel contribution. This is not of interest to us, as it does not lead to any momentum
shift,whose value is comparable to the k-space lattice spacing pi
L
. Hence we will not consider
this any more. The second and third terms are the cross channel terms that are unusual [16].
Their existence solely depends on the fact that we have identical particles and a fermi sea.
In the absence of the fermi sea they are simply absent in the second order energy correction.
Also, Σk1,k2 is not a symmetric function of k1 and k2:
Σk1,k2 ≡
(
h¯2α
meL2
)2 ∑
k3,k4
nk3σ3δ(k1 − k2 + k3 − k4)
ǫk1 − ǫk2 + ǫk3 − ǫk4
. (4)
Since we are interested in finding how occupied states within the fermi sea are affected, we
will only consider the case k1, k2 < kF . The summation over k3 and k4 is easily simplified
to give the following two dimensional integral:
1
| k1 − k2 |
∫
2pi
0
∫ kF
0
k dk dθ
k1.kˆ12 − kcosθ
, (5)
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where kˆ12 is the unit vector along the direction of k1 − k2. This integral can be performed
[7] to give us the result
Σk1,k2 =
h¯2α2
2πmeL2
k1.(k1 − k2)
(k1 − k2)2 . (6)
for | k1 |, | k2 |< kF .
We give a new interpretation to this singular term. The above expression has the form
of an energy increase arising from a Galilean boost - it represents the kinetic energy change
arising from a momentum shift. The fermion at k1 experiences a momentum shift owing to
the presence of a fermion at k2. The momentum shift is
δp1,2 =
h¯2α2
2πL2
k1.(k1 − k2)
(k1 − k2)2 . (7)
If we consider two adjacent points in k-space, i.e., k1 − k2 = piL , the above momentum shift
is
δp1,2 =
h¯2α2
2π2L
,
which is of the order of the spacing in momentum space and hence indicates a finite phase
shift
δph ≈ α
2π2
.
This expression agrees with Anderson’s phase shift calculation [1] for small U. It is interesting
to note that the energy shift (equation 6) has the same form that Anderson [1] proposed as
a singular forward scattering term. However, we would like to re-emphasize that ours is not
an expression for a scattering amplitude but a correction to the kinetic energy of a particle
in scattering state k1 due to the existence of another particle in scattering state k2. We
will now show that this singular form of kinetic energy shift arises if there is a longe range
potential of the form 1
r2
in 2-dimension.
In what follows we show that a two body problem with a repulsive potential of 1
r2
in two
dimensions produces the same analytic form of momentum shift as given by equation (5)
From this we shall infer the presence of an induced 1
r2
potential between two particles at
long distances in our many body problem.
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In a two body problem if we know the momentum shift of scattering states for all k, from
the form of the kinetic energy correction, we can infer the asymptotic form of the effective
two body potential. This is because the momentum shift directly represents the modification
of the wave function in the asymptotic region, which in turn is determined by the phase
shift due to the two body scattering. Finally, once we know the two body phase shift for
two arbitrary scattering states, we can find the asymptotic behaviour of the potential.
We concentrate on plane wave states and find how their energies get modified due to
any phase shifts in the various angular momentum channels. We will consider the repulsive
potential V (r) = λ
r2
between two particles and consider this in the relative co-ordinate
system. Here r is the relative separation between the two particles and λ is a constant.
We will assume the following boundary condition on a circle of radius R about the origin:
ψ(r) = 0 for r = R. If we consider a two particle problem in a finite domain like a
disc, the boundary condition in terms of the relative co-ordinates is not simple because
of the coupling of the center of mass and relative co-ordinates. However, the results are
not qualitatively modified by our simplified boundary condition. In the relative co-ordinate
system, the Schrodinger equation becomes simple and the scattering states are characterised
by radial and angular momentum quantum numbers q and m. The scattering states are
Bessel functions, that have the asymptotic form:
J√
m2+λo
(qr) ≈
√
2
πqr
cos
(
qr − π
2
√
m2 + λo − π
4
)
(8)
Using this asymptotic form and imposing our boundary condition it is easy to see that the
phase shift of the m-th partial wave is
δm ∼ λoπ
4m
(9)
where λo =
2me
h¯2
λ. The above states are radial eigen functions. However, we are interested
in seeing how plane wave states get modified in the presence of interaction. We can easily
obtain the phase shift suffered by the scattering states that are plane waves by the following
wave packet analysis [1]. Recall that partial waves are obtained by coherent superposition
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of all plane waves having the same magnitude of the wave vector but with various directions
in k-space with appropriate phase factors. In the same way we can reconstruct plane waves
from the partial waves. In doing so, only the largem partial states contribute dominantly. In
fact, if q is the value of the radial momentum, the partial waves that contribute dominantly
have the value of m given by 2pim
R
≈ q. Substituting this value of m in equation (9) we get
the phase shift suffered by the plane wave:
δph(q) ≈ λoπ
2
2qR
This phase shift is finite when q takes the least value of pi
L
. That is, δph(q =
pi
L
) = λ0pi
2R
. This
finite phase shift in the s-channel as q → 0 is well known for the 1
r2
potential in 2-dimensions.
From this we find that the momentum shift suffered by the plane wave with wave vector q
is given by
δq ≈ λoπ
2
2qR2
qˆ
By symmetry, the direction of momentum shift is in the same direction as q. Notice that
the momentum shift has a singular dependence on q. However, the change in kinetic energy
in the relative co-ordinate system is
− h¯
2
2me
λoπ
2
2R2
q.
q
|q|2
which is non-singular and independent of q. Thus the 1
r2
potential in 2-dimensions is anoma-
lous in the sense that for two particle plane wave states, the kinetic energy shift of relative
motion has no singular dependence on the relative momentum q even though momentum
shift is singular. We can substitute q = k1 − k2 to go to the laboratory frame and get the
shift in the kinetic energy change of particle 1
− h¯
2
2m
λoπ
2
2R2
k1.
(k1 − k2)
(k1 − k2)2
and similarly for particle 2. This energy shift has the same form as the energy shift that we
obtained by perturbation theory for any two occupied plane wave states inside the fermi sea
(equation 6). Thus the pseudo potential that acts between two electrons in the the occupied
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states below the fermi surface is of 1
r2
type at long distances. By comparing this energy shift
with equation (5) we find that the the strength of the 1
r2
term is given by
λ =
h¯2α2
meπ3
.
Notice that our analysis only brings out the long range part of the effective interaction. The
short range divergence is cut off by the actual potential.
Having found a long range renormalised or effective interaction between any two con-
stituent particles in the ground state using perturbation theory, one has to use this as the
starting interaction in the spirit of renormalisation procedure to find the properties of the
final ground state. We cannot use the conventional perturbation theory with the 1
r2
poten-
tial. This is because this repulsive potential has a scattering length in 2-d which diverges as
L, the size of the system. This is to be contrasted with the scattering length for the short
range repulsive potential in 2-d, which diverges as logL. This logarithmic divergence is still
manageable in conventional perturbation theory. Once we have a stronger divergence as L
there seems to be no way of controlling the conventional perturbation expansion thereby
indicating an instability of the fermi liquid ground state.
To get around this difficulty, we have formulated [17] a new approach, which enables
us to write down the asymptotic behaviour of low energy many body wave functions that
exhibit a non-fermi liquid behaviour. We will discuss this in a forthcoming paper [17].
What does our analysis predict for the known cases of 1 and 3-d interacting fermi gas?
In 1-d we get a strong signal from the cross terms apart from other terms, indicating the
failure of fermi liquid theory. In 3-d, the cross channel contribution Σk1,k2 has a singular
form
Σk1,k2 ∼
1
L3kF
k1 · (k1 − k2)
(k1 − k2)2 . (10)
as k1 and k2 approaching each other. However, the denominator has an L
3 instead of an L2
as in two dimensions. We can read off the phase shift and momentum shift when k1 → k2.
The phase shift is δph ≈ 1L , which vanishes as L → ∞. The momentum shift vanishes as
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1L2
. Therefore, fermi liquid theory survives in 3-d for small repulsive interaction. Thus our
results are consistent with known results in one and two dimensions.
In conclusion, we would like to make a comparision of our work with that of Stamp [7].
Stamp followed Landau’s theory, like other authors. In addition he was the first to notice
the two singular pieces of the cross channel contribution. However, he attributed meaning
only to the sum Σk1,k2+Σk2,k1 (which is non-singular) as a cross channel contribution to the
Landau parameter. This led him to conclude that at that level fermi liquid state is stable.
On the other hand, we point out that this can be done only as long as there are no parts
of the energy correction that is singular, which in principle could indicate the presence of a
finite phase shift as the relative momentum tends to zero. For example, in three dimension
there is no such correction and fermi liquid theory survives in the sense that there is no
finite phase shift. Once a term indicating the presence of a finite phase shift is present, it
signals an instability of the fermi liquid state and we have to find the induced interaction
that is responsible for the momentum shift and then proceed to get the ground state in the
presence of this induced interaction. There are other cases in 2-dimensions, where fermi
liquid theory seems to fail [18].
Even though our approach is inspired by Anderson’s works, it has the following differ-
ences: i) we are not calculating the phase shift in the sense what Anderson does ii)The
anomalous energy shift has a singular form very much like the singular forward scattering
that Anderson proposed - however, what we are calculating is neither a Landau parameter
nor a scattering amplitude, but simply an energy shift. iii) our kinetic energy shift which
signals the presence of an induced 1
r2
potential occurs for all pairs of electrons inside the
fermi sea - it is not confined to states close to the fermi surface. In a sense we give a first
microscopic derivation for the induced long range interaction that Anderson has conjectured.
I thank Hide Fukuyama for sending me Stamp’s paper [7]. My recent visits sharpened
some of my thinking. I thank S. Doniach, R.B. Laughlin (Stanford), P.W. Anderson, D.
Sherrington (Oxford), P. Guinea and D. Campbell (San Sebastian) for hospitality. I thank
Muthukumar for several proof readings.
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